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Calculation of Low Reynolds Number Flows
at High Angles of Attack
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Calculated results are reported for Eppler and Liebeck airfoils with chord Reynolds numbers ranging from IO5

to 5xl05 and for angles of attack up to stall. They were obtained with an interactive finite-difference
boundary-layer method in which the turbulence model employs an extended intermittency expression in the
Cebeci and Smith eddy-viscosity model and the location of the onset of transition is determined from linear-sta-
bility theory. Comparisons with experiments indicate agreement within measurement uncertainty, except at stall
conditions, and close correspondence with the ISES code, which is based on the solution of integral equations.

I. Introduction

I N recent years the subject of low Reynolds number airfoils
has received considerable interest in both civil and military

applications including remotely piloted vehicles, propeller and
wind turbine aerodynamics, aircraft with high-aspect ratio
wings, and ultralight human-powered vehicles, as evidenced in
a review article by Lissaman,1 two proceedings volumes edited
by Mueller,2'3 and one by the Royal Aeronautical Society.4
The behavior of these airfoils differs from those at high Rey-
nolds numbers in that rather large separation bubbles can
occur some way downstream of the leading edge with transi-
tion taking place within the bubble prior to reattachment. The
length of the bubble increases with a decreasing Reynolds
number and strongly influences the performance characteris-
tics of the airfoils.

As at high Reynolds numbers, the performance characteris-
tics of airfoils can be predicted by methods based either on the
solution of the Navier-Stokes equations or on a combination
of inviscid and boundary-layer equations. In both approaches,
the accuracy of the method depends on the numerical method,
the turbulence model, and the method used to compute the
location of the onset of transition. The differences between
calculation methods for high and low Reynolds numbers are
mainly in the prediction of the transition location and in the
modeling of the transition region. When the Reynolds number
is high, the onset of transition occurs before or at the flow
separation point, and the extent of the transition region is
confined to a relatively small region. When transition occurs
before laminar separation, it can be computed by correlation
formulas such as those suggested by Michel5 and Granville6 or
by the en method based on linear stability theory, as suggested
by Smith7 and van Ingen.8 Several turbulence models, mostly
developed for attached flows, can be used to model the transi-
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tion region9; models suggested by Dhawan and Narasimha10

and Chen and Thy son11 are popular. Except at very high
angles of attack where the flow corresponds to stall or post-
stall conditions, these methods and models are often satisfac-
tory in predicting airfoil flows, as discussed in Refs. 12 and 13.
With decreasing Reynolds number, however, rather large sep-
aration bubbles begin to appear on the airfoil; the onset of
transition occurs inside the bubble and is separation induced.
The importance of the turbulence model for the transition
region increases and plays a bigger role in the computational
method. As a result, the methods used to predict airfoil char-
acteristics at low Reynolds numbers must be modified to ac-
count for these phenomena, which are either absent or not
important at high Reynolds number flows.14'17

The present paper addresses the two essential ingredients
that must be included in any theoretical method for predicting
the performance of low Reynolds number airfoils, regardless
of the approach used to solve the conservation equations. The
proposed ingredients are included in the inviscid-viscous inter-
active finite-difference method reported in Ref. 17, which is
briefly described in the following section, with special empha-
sis on the model used to represent the transitional flow and the
method used to calculate the onset of transition. In Sec. 3, the
predictions of this method together with an integral method
due to Drela and Giles15 are compared with experimental data
for several airfoils at low and high angles of attack and for
chord Reynolds numbers ranging from IO5 to 5 x IO5. The
paper ends with a summary of the more important findings.

II. Inviscid/Viscous Interactive Method

The interactive method is described for high and low Rey-
nolds numbers in Refs. 12 and 17, respectively, and makes use
of the conformal mapping method of Halsey18 coupled to an
inverse finite-difference boundary-layer method of Cebeci19

that makes use of the interactive formula suggested by Veld-
man.20 The conformal mapping involves transformation of
the region outside the airfoil to the region outside of a unit
circle and solution of the resulting equations in the trans-
formed plane. The transformation is achieved in a sequence of
three conformal mappings and the solutions of the trans-
formed equations, which include the flow on the airfoil and in
the wake and make use of Fourier-analysis techniques dis-
cussed in Ref. 12. The Reynolds shear stress term in the
boundary-layer equations is expressed in terms of an eddy
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viscosity ew, and the resulting equations are solved subject to
the usual boundary conditions with the external velocity ue (x)
expressed as the sum of inviscid velocity U®(x) and a perturba-
tion velocity 5ue(x) computed from the Hilbert integral

d
—da

da
——x—a 0)

with the interaction region confined to (xa,xb). The solutions
of the equations include the flow on the airfoil and in the
wake. The eddy-viscosity formulation of Cebeci and Smith21 is
used with special emphasis on the transitional region

= L2
Ttr

where L and ytr are given by

L = 0.4y[l-exp (-y/A)]9

Ur=\V

ttr= 1-exp -

(2a)

(2b)

(3a)

(3b)

(3c)

Here ytl corresponds to the expression suggested by Chen and
Thyson11 with xtT denoting the location of the beginning of
transition and G a parameter defined by

(4)

where the transition Reynolds number ̂ tr = (uex/v)tr and C
is constant with a recommended value of 60. In Ref. 17, the
Chen and Thyson model was modified to include low Rey-
nolds numbers with separation. A correlation formula, shown
in Fig. 1, was devised to represent C2 of Eq. (4) in terms of RXtr
for the experimental data obtained for airfoils NACA 663-
0.18, ONERA D, NACA 65-213, and LNVI09A. The data
encompass a Reynolds number range from Rc = 2.4 x 105 to
2 x 106, and fall conveniently on a straight line on a semilog
scale represented by the equation

= 213 tr -4.7323] (5)
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For the wake flow calculations following the study of
Chang et al.,22 the eddy-viscosity formulation for wall
boundary-layer formulas was modified and expressed in the
form

f* ~x]\X,e_JC\

I 206ttJ
(6)

where (em)M; denotes the eddy viscosity for the far wake given
by the maximum of (em)*w and (em)^ defined by

(7a)

(7b)

(em)'w =0.064 (ue-u)dy

(em)u
w= 0.064 (ue-u)dy

with >>min denoting the location where u = wmin.
The location of transition was determined from the e"-

method. At first, the laminar and turbulent boundary-layer
calculations were performed on the airfoil and in the wake for
a transition location computed by MichePs methods and an
inviscid pressure distribution. Next, laminar flow calculations
were carried out on the airfoil to obtain the velocity profiles
needed in the solution of the Orr-Sommerfeld equation. The
stability calculations were then initiated at a chordwise loca-
tion where the displacement-thickness Reynolds number ex-
ceeded its critical value established for similar boundary lay-
ers.17 For a dimensional frequency co* determined at say x =
xQ, the amplification rates a/ were computed along the airfoil
in order to evaluate the integral

(8)n - -at dx

Fig. 1 Variation of C2/3 with transition Reynolds number.

so that the location of transition could be determined from the
en method. This process was repeated for different values of
W* to obtain similar integrated amplification rates. As dis-
cussed by Cebeci and Egan,23 the envelope procedure used to
calculate the critical frequency that leads to the most amplified
disturbance is not applicable for flows with separation as in
three-dimensional flows, and it was necessary to search for
this frequency in the calculations. Since with separation the
velocity profiles change significantly from those of attached
flows, the amplification rates became sensitive to the dimen-
sional frequencies and required implementation of the eigen-
value procedure used in the solution of the Orr-Sommerfeld
equation. This was done, as discussed in Ref. 17, by the use of
a continuation method.

Once transition had been determined with this procedure, a
new set of laminar boundary-layer calculations were per-
formed until the transition location, after which the turbulent
flow calculations were performed on the airfoil and in the
wake. The displacement-thickness distribution resulting from
these calculations was used to determine a blowing velocity vn
by differentiating the product of external velocity and dis-
placement thickness with respect to the surface distance so
that the inviscid flow equations were solved again subject to a
new boundary condition. This process was repeated on an
iterative basis until the solutions of boundary-layer, stability,
and inviscid-flow equations converged.

III. Results and Discussion
In the study conducted in Ref. 17, the accuracy of the

method described in the preceding section was evaluated for
five separate airfoils with chord Reynolds numbers ranging
from 3 x 105 to 8 x 106. Except for one airfoil, the range of
angle of attack was limited to small values. The study showed
that, with a combination of the en method and a modified
transitional model in the Cebeci-Smith algebraic eddy-viscos-
ity formulation, the lift and drag coefficients could be calcu-
lated accurately.
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Fig. 2 Eppler 387 airfoil.

In the present study, we consider the airfoils due to Eppler
and Liebeck and perform calculations for chord Reynolds
numbers ranging from 105 to 5 x 105 and for angles of attack
up to stall. For the Eppler airfoil, we compare the predictions
of our method with the experimental data of McGhee et al.24

and for the Liebeck airfoils with experiments conducted in the
Douglas wind tunnel and with the predictions of a method due
to Drela and Giles.15 In this method, the steady Euler equa-
tions were used in integral form to represent the inviscid flow
and a compressible lag-dissipation integral method used to
represent the boundary layers and wakes. The inviscid and
viscous flow solutions were coupled through the displacement
thickness and the onset of transition computed by an en type
of method. Rather than solving the nonsimilar boundary lay-
ers, as in the method of Sec. II, this method made use of a
modified procedure developed by Gleyzes et al.25 in which the
Orr-Sommerfeld equation was solved with velocity profiles
based on the solution of the Falkner-Skan equation. Addi-
tional details are provided in Ref. 15.

A. Results for the Eppler Airfoil
The experimental data of McGhee et al.24 contain measure-

ments for the Eppler airfoil (see Fig. 2) in the Langley Low-
Turbulence Pressure Tunnel (LTPT). The tests were con-
ducted over a Mach number range from 0.03 to 0.13 and a
chord Reynolds number range from 60 x 103 to 460 x 103. Lift
and pitching-moment data were obtained from airfoil surface
pressure measurements and drag data from wake surveys. Oil
flow visualization was used to determine laminar-separation
and turbulent-reattachment locations.

The calculations for the Eppler airfoil were performed for
chord Reynolds numbers of 105, 3 x 105, and 4.'6 x 105 and for
a range of angles of attack up to stall. Since the Reynolds
number range of the present study is less than that of Fig. 1,
which led to the expression given by Eq. (5), studies were first
conducted to investigate the influence of the C2/3 parameter
at the Reynolds number of 1 x 105. It was found that values of
C3/3 from 10 to 30 led to negligible differences in the lift
coefficient and differences of less than 3% in the drag coeffi-
cient. Thus, the straight-line formulation of Fig. 1 appears to
be valid at a chord Reynolds number of 1 x 105, and the
calculation of the transition-region flow is adequate.

The calculation method of Sec. II requires the coordinates
of the airfoil, the chord Reynolds number, and a value of n for
the en method, which, in a way, represents the effect of
freestream turbulence on transition and is given by

= -8.43- 2.4

where

(9)

(10)

as proposed by Mack.26 According to Ref. 24, the measured
turbulence level was 0.06% for a total pressure pt = 15 psi,
which, according to Eq. (9), corresponds to a value of n = 9.4
and was used in all of the Eppler airfoil calculations except for
those at Rc = 1 x 105. Studies at this Reynolds number showed
that with n = 12, the calculated pressure coefficient Cp distri-
butions were in better agreement with data than those with
n=9A.

a)

b)

c)
0.2

12° 16' 0 0.01 0.02 0.03 0.04 0.05
Cd

Fig. 3 Comparison of calculated (solid lines) and measured (sym-
bols) pressure-coefficient distributions at a) a = 0 deg; b) a = 8 deg;
and c) lift and drag coefficients for Rc = 1 x 105 with n = 12.

-1.0

Fig. 4 Comparison of calculated (solid lines) and measured (sym-
bols) pressure-coefficient distributions of the Eppler airfoil at a = 0
deg, Rc = I x 105, n = 9.4.

Figures 3a and 3b allow comparison between measured and
calculated distributions of pressure coefficients for angles of
attack of 0 and 8 deg, respectively, and Fig. 3c allows compar-
ison between measured and calculated lift and drag coeffi-
cients for 7? c=lxl05 , all computed with n = 12. Figure 4
presents similar results to those in Fig. 3a with n =9.4 and
indicates that a higher value of n allows the calculations to
capture better the constant values of pressure coefficient asso-
ciated with the separation bubble but does not influence the
flow in the leading-edge region; in both cases, the calculated
results are nearly the same and deviate only slightly from
experiment in the immediate vicinity of the leading edge where
the gradient of the pressure coefficient changes sign rapidly.

Figures 5 and 6 allow similar comparisons for Reynolds
numbers of 3 x 105 and 4.6 x 105 with stability/transition cal-
culations performed with n = 9.4. The agreement between the
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Fig. 5 Comparison of calculated (solid lines) and measured (sym-
bols) pressure-coefficient distributions at a) a = 0 deg; b) a = 8 deg;
and c) lift and drag coefficients for Rc = 3 x 105.

calculated and measured distributions of pressure coefficients
for angles of attack of 0 and 8 deg is similar to that in Fig. 3
for Rc = 1 x 105. In general, the agreement is very good except
in the leading-edge region for zero angle of attack.

The calculated lift and drag coefficients for the three chord
Reynolds numbers of Figs. 3c, 5c, and 6c indicate remarkably
good agreement with experiment for all angles of attack up to
stall. There, the computed lift coefficients begin to deviate
from data, indicating higher values than those measured; the
discrepancy increases with an increase in Reynolds number,
and the solutions do not follow the poststall behavior. We
believe the reason for this discrepancy lies in the transition-cal-
culation procedure; with an increasing angle of attack, the
onset of transition on the upper surface of the airfoil moves
upstream, and near stall conditions take place almost at the
leading edge. Consistent with the studies of Ref. 13, a very
slight change in the transition location has a large influence on
the lift and drag coefficients. Moving the transition location
downstream of the calculated value increases the region of
flow separation and decreases the lift coefficient in accord
with experiment, but, in some cases, it also causes the calcula-
tions to break down. To improve the calculations near stall
and to extend them to poststall flows, it was necessary to
implement the present calculation method with procedures
similar to those devised for high Reynolds number airfoils
described in Ref. 13. These studies are in progress and will be
reported separately.

Further details of the results shown in Figs. 3-6 are pre-
sented in Tables 1 and 2. The calculated values of the chord-
wise location of laminar separation (LS), turbulent
reattachment (TR), and the onset of transition are given in
Table 1 for several angles of attack. The experimental results

of this table are subject to some uncertainty because of diffi-
culties associated with the surface visualization technique.
With this proviso, comparison between measured and calcu-
lated values must be considered outstanding. It should be
noted that when there is a separation bubble, the transition
location obtained from the en method occurs within the bub-
ble in all cases, and, in accord with experimental observation,
leads to reattachment some distance downstream.

The lift and drag coefficients obtained for three Reynolds
numbers are listed in Table 2 for several angles of attack
together with the experimental results obtained in the Stuttgart
and Langley wind tunnels and the predictions from the Eppler
code included in Ref. 24. In general, our calculated lift and
drag coefficients are in good agreement with Langley data. It
is interesting to note that the results of the Eppler code, which
contains different and more limited assumptions than the pres-
ent method, provides similar results at these angles of attack,
although its drag predictions are not as good as those com-
puted with the present method at very low Reynolds numbers.

B. Results for the Liebeck Airfoils
Calculations for two Liebeck airfoils designated as LTR201

and LTR217 were performed for chord Reynolds numbers of
2.5 x 105 and 5 x 105 and for a range of angles of attack up to
stall. These two airfoils were developed several years ago using
the Douglas/Liebeck design method, which is based on a
roof-top plus Stratford pressure recovery distribution. These
are relatively early low Reynolds number designs, and they
lack refinement of the transition region of the upper surface
pressure distribution. The airfoils represent two distinct phi-
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Fig. 6 Comparison of calculated (solid lines) and measured (sym-
bols) pressure-coefficient distributions at a) a = 0 deg; b) « = 8 deg;
and c) lift and drag coefficients for Rc = 4.60 x 105.
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Table 1 Experimental and calculated chordwise laminar
separation (LS), and turbulent reattachment (TR), and

transition locations on the upper surface of the Eppler airfoil.

Experiment fx\
a, deg

Rc= I x l O 5

0
2
4
5
6

Rc= I x l O 5

0
2
4
5
6

0
2
4
5
6
6.5

LS
(n = 12)
0.45
0.41
0.35
0.34
0.33

(Ji=9.4)
0.45
0.41
0.35
0.34
0.33

0.48
0.45
0.40
0.39
0.38
0.38

TR

0.87
0.79
0.73
0.67
0.62

0.87
0.79
0.73
0.67
0.62

0.69
0.62
0.58
0.55
0.50
0.44

Vc/tr

0.78
0.70
0.64
0.60
0.565

0.76
0.68
0.62
0.585
0.54

0.63
0.58
0.52
0.49
0.43
0.40

Calculated
LS

0.49
0.44
0.39
0.37
0.34

0.50
0.45
0.40
0.38
0.35

0.51
0.46
0.43
0.415
0.42
0.41

TR

0.89
0.82
0.76
0.70
0.66

0.87
0.79
0.73
0.69
0.64

0.72
0.67
0.60
0.57
0.50
0.46

#c=4.6xl05

0
2
4
5
6

No Data

0.61
0.56
0.50
0.45
0.36

0.51
0.48
0.44
0.44
— —

0.68
0.62
0.55
0.49
——

Table 2 Measured and calculated values of
lift and total drag coefficients

Stuttgart
experiments

a, deg Q Cd
Rc =

0
2
4
5
6

Rc =
0
2
4
5
6

Rc =
0
2
4
5
6

Ix lO 5

0.320
0.520
0.700
0.780
0.860

3X105

Langley
experiments
Q Cd

Eppler code
Q cd

Present
method

(n = 9.4)
0.0207
0.0216
0.0208
0.0206
0.0203

No Data

4.6 xlO5

0.
0.

390
587

0.778
0.
0.

0.
0.
0.
0
1.

873
974

352
573
792
.901
009

0.0167
0.0203
0.0230
0.0237
0.0224

0.0087
0.0099
0.0109
0.0114
0.0118

0.393
0.611
0.795
0.892
0.960

0.393
0.613
0.833
0.943
1.051

0.0122
0.0131
0.0146
0.0157
0.0169

0.0081
0.0086
0.0095
0.0104
0.0113

0.402
0.598
0.793
0.892
0.989

(71 =
0.380
0.604
0.825
0.933
1.041

0.0164
0.0189
0.0218
0.0221
0.0228

9.4)
0.0078
0.0085
0.0094
0.0099
0.0105

(/i =9.4)
0.356
0.580

No Data 0.803
0.914
1.022

0.0073
0.0078
0.0090
0.0093
0.0101

0.393
0.613
0.833
0.943
1.053

0.0070
0.0075
0.0083
0.0090
0.0098

0.383
0.607
0.830
0.939
1.044

0.0078
0.0085
0.0094
0.0099
0.0105

losophies in their design: airfoil LTR201 is a conventional
design with the Stratford pressure recovery terminating
smoothly to the trailing-edge pressure, and airfoil LTR217 is
an aft-loaded design where the Stratford recovery is followed
by a short but severe pressure rise at the trailing edge. Geome-
try and design pressure distributions of the airfoils are given in
Figs. 7a and 7b.

Figures 8 and 9 present the measured lift and drag coeffi-
cients of the two airfoils together with the calculated results
obtained with the present method with n corresponding to 8

-2.0

-0.5

0

a)
0 0.2 0.4 0.6 0.8 1.0 ° °-2 °-4 0-6 0.8 1.0

x/c b) x/c

Fig. 7 Geometry and design pressure-coefficient distributions of two
Liebeck airfoils: a) LTR201, (ensign = 1.16; b) LTR217,
= 1.38.
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0.8

0.4

b) (

Fig. 8 Comparison of calculated (dashed lines—present method,
solid lines—ISES code) and measured (symbols) lift and drag coeffi-
cients of LTR201 airfoil at a) Rc = 2.5 X 10s; b) Rc = 5 X 10s.

and with the ISES code with n corresponding to 9. Overall
agreement of drag polar and lift prediction is good except for
the case of airfoil LTR201 at a Reynolds number of 2.5 x 105

where both theoretical methods overestimate the effect of the
laminar separation bubble and lead to less accurate drag coef-
ficients.

These early Liebeck airfoils have performance characteris-
tics which are sensitive to the location of laminar separation
due to the nature of its surface pressure distribution. Unlike
the Eppler airfoil, which has a separation bubble on its upper
surface only, both Liebeck airfoils have separation bubbles on
their upper and lower surfaces at very low angles of attack.
This causes difficulties in the calculation procedure and, in the
case of ISES code, does not allow the calculations to be
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12° 16* 0 0.01 0.02r 0.03 0.04 0.05

a)
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0 4* 12*

2.0
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1.2
c*
0.8

0.4

16* °0 0.01 0.02 r 0.03 0.04 0.05

b)

Fig. 9 Comparison of calculated (dashed lines—present method,
solid lines—ISES code) and measured (symbols) lift and drag coeffi-
cients of LTR217 airfoil at a) Rc = 2.5 X 105; b) Rc = 5 X 105.

0.1 0.3 0.5 0.7 0.9
x/c

Fig. 10 Comparison of calculated (dashed lines—present method,
solid lines—ISES code) and measured (symbols) pressure-coefficient
distributions of a) LTR201, (ensign = 1.2; and b) LTR217,
(Cf)design = 1.3, airfoils at Rc = 2.5 X 10s.

performed for angles of attack less than 0 deg for the LTR217
airfoil. It is interesting to note that the calculation times of
both methods are essentially the same.

Figures lOa and lOb allow comparison between measured
and calculated distributions of pressure coefficient of the two
airfoils at a chord Reynolds number of 2.5xl05. In both
cases, the calculations were made by matching the experimen-
tal lift coefficient with the computed value. The results in Fig.
lOa are for the LTR201 airfoil at a lift coefficient of 1.30 and
indicate that, while the predicted lower surface pressure distri-
butions are in good agreement with data, those for the upper
surface are not. Both methods do not predict the distribution
near the leading edge and do not capture the constant values
of pressure coefficient in the separation region. Once the flow
reattaches, however, the predictions of both methods improve
and show better agreement with data. The results in Fig. lOb,
which are for the LTR217 airfoil at a lift coefficient of 1.23,
on the other hand, show good agreement with data.

IV. Concluding Remarks
In this paper, a finite-difference interactive boundary-

layer method coupled with a transition prediction method

based on the en method was applied to an Eppler airfoil and
two Liebeck airfoils for chord Reynolds numbers ranging
from 1 x 105 to 5 x 105 and angles of attack up to stall. In the
case of Liebeck airfoils, the calculated results are also com-
pared with the predictions of the ISES code, which employs an
integral interactive boundary-layer method and a correlation
based on the en method to predict transition. The study indi-
cates that the finite-difference method with two essential in-
gredients that need to be included in any theoretical method
for predicting the performance of airfoils at low Reynolds
numbers, regardless of the approach used to solve the conser-
vation equations/is able to predict the lift and drag character-
istics accurately except near stall conditions.
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